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Abstract
Using the compatibility of the DBI and the Chern-Simons actions with the T-
duality transformations, the curvature corrections to these actions have been recently
extended to include the quadratic B-field couplings at order O(α′2). In this paper,
we use the compatibility of the couplings on D3-brane with the S-duality to find the
nonlinear RR couplings at order O(α′2). We confirm the quadratic RR couplings in
the DBI part with the disk-level scattering amplitude. Using the regularized non-
holomorphic Eisenstein series E1, we then write the results in SL(2, Z) invariant
form.
1garousi@ferdowsi.um.ac.ir
1 Introduction
The low energy effective field theory of D-branes consists of the Dirac-Born-Infeld (DBI)
[1] and the Chern-Simons (CS) actions [2]. The curvature corrections to the CS part can
be found by requiring that the chiral anomaly on the world volume of intersecting D-branes
(I-brane) cancels with the anomalous variation of the CS action. This action for a single
Dp-brane at order O(α
′2) is given by [3, 4, 5],
S
CS
⊃ −π
2α′2Tp
24
∫
Mp+1
C(p−3) ∧
[
tr(RT ∧ RT )− tr(RN ∧ RN)
]
(1)
where Mp+1 represents the world volume of the Dp-brane. For totally-geodesic embeddings
of world-volume in the ambient spacetime, RT,N are the pulled back curvature 2-forms of
the tangent and normal bundles respectively (see the appendix in ref. [6] for more details).
The curvature corrections to the DBI action has been found in [6] by requiring consis-
tency of the effective action with the O(α′2) terms of the corresponding disk-level scattering
amplitude [7, 8]. For totally-geodesic embeddings of world-volume in the ambient space-
time, the corrections in the string frame for zero B-field and for constant dilaton are [6]
S
DBI
⊃ π
2α′2Tp
48
∫
dp+1x e−φ
√−G
[
RabcdR
abcd − 2RˆabRˆab − RabijRabij + 2RˆijRˆij
]
(2)
where Rˆab = G
cdRcadb and Rˆij = G
cdRcidj. Here also a tensor with the world-volume or
transverse space indices is the pulled back of the corresponding bulk tensor onto world-
volume or transverse space2. For the case of D3-brane with trivial normal bundle the
curvature couplings (1) and (2) have been modified in [6] to include the complete sum of
D-instanton corrections by requiring them to cancel the SL(2, Z) anomalies of the massless
modes of the D3-brane.
In the presence of non-constant dilaton, the couplings (2) are not consistent with T-
duality. For zero B-field, the compatibility with linear T-duality requires the following
extension of (2):
S
DBI
⊃ π
2α′2Tp
48
∫
dp+1x e−φ
√−G
[
RabcdR
abcd − 2(Rˆab − φ,ab)(Rˆab − φ,ab)
−RabijRabij + 2(Rˆij − φ,ij)(Rˆij − φ,ij)
]
(3)
where commas denote partial differentiation3. The dilaton couplings survive in the Einstein
frame even for D3-brane, hence, they break the S-duality of the couplings found in [6]. Using
2Our index conversion is that the Greek letters (µ, ν, · · ·) are the indices of the space-time coordinates,
the Latin letters (a, d, c, · · ·) are the world-volume indices and the letters (i, j, k, · · ·) are the normal bundle
indices.
3Using on-shell relations, the definition of the curvature tensor Rˆµν in [9] has been changed as Rˆµν ≡
1
2 (Rµa
a
ν −Rµkkν). With this tensor the couplings in (2) are then invariant under linear T-duality [9] when
B-field is zero. If one uses the standard definition Rˆµν ≡ Rµaaν , then the couplings (3) are invariant.
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the fact that the dilaton and the RR zero-form transform similarly under the S-duality
transformations, one expects there should be similar couplings for the RR zero-form. We
will show that the S-matrix element of two RR vertex operators found in [7] produces in
fact such couplings. Having similar couplings for the dilaton and the RR zero-form, we use
an appropriate SL(2, R) matrix to write the results in SL(2, R) invariant form. However,
there is an overall factor of e−φ in the Einstein frame which is not invariant under the
SL(2, R) transformation.
In the presence of non-zero B-field, the couplings (1) and (3) are not consistent with
the T-duality. Using the compatibility of these couplings with linear T-duality as a guiding
principle, the quadratic B-field couplings at order O(α′2) have been found in [9, 10, 11].
The B-field couplings in the DBI part are [9]4
S
DBI
⊃−π
2α′2Tp
48
∫
dp+1xe−φ
√−G
[
1
6
Hijk,aH
ijk,a +
1
3
Habc,iH
abc,i − 1
2
Hbci,aH
bci,a
]
(4)
The above couplings have been confirmed with the disk level S-matrix calculations [9].
These couplings for D3-brane again break the S-duality of the couplings found in [6]. Using
the fact that the B-field and the RR two-form appear as a doublet in the S-duality trans-
formations, one expects there should be similar couplings as above for the RR two-form.
We will show that the S-matrix element of two RR vertex operators found in [7] produces
in fact such couplings. Having similar couplings for the B-field and the RR two-form, we
then write the results in SL(2, R) invariant form. In this case also, there is an overall factor
of e−φ in the Einstein frame which is not invariant under the SL(2, R) transformation.
It has been shown in [13] that the CS part should include couplings which involve linear
NSNS field. These couplings have been found by studying the S-matrix element of one RR
and one NSNS vertex operators at order O(α′2) [7]. These couplings in the string frame are
[13]5
S
CS
⊃ −π
2α′2Tp
24
∫
dp+1x ǫa0···ap
(
1
2!(p− 1)![F
(p)
ia2···ap,aHa0a1
a,i − F (p)aa2···ap,iHa0a1 i,a] (5)
4In this paper, we are interested only in the quadratic order of field strengths, e.g., we are not considering
H4, RH2, or R∂φ∂φ terms in DBI action.
5Using on-shell relations, the definition of the curvature tensor Rˆij in [13] has been changed as Rˆij ≡
1
2 (Ria
a
j −Rikkj). With this tensor the coupling F (p+2)a0···apj,iRˆij is then invariant under linear T-duality [13].
If one uses the standard definition Rˆij ≡ Riaaj , then the second term in the second line in (5) can be
written at the linear order as F
(p+2)
a0···ap
j,i(hij,aa + haa,ij − hia,aj − hja,ai − 2φ,ij)/2(p + 1) where h is the
metric perturbation. Under T-duality along the world volume direction y, the RR factor F
(p+2)
a0···ap
j,i/(p+ 1)
which includes the Killing index y, transforms to F
(p+1)
a0···ap−1
j,i. This RR field, however, does not include the
Killing index. Hence, the indices i, j in the T-dual theory do not include the Killing index y. Using this
observation, one can easily verify that the metric/dilaton factor (hij,aa + haa,ij − hia,aj − hja,ai − 2φ,ij) is
invariant under the linear T-duality. Hence, the second term in the second line in (5) is invariant under
the T-duality.
2
+
2
p!
[
1
2!
F
(p+2)
ia1···apj,aR
a
a0
ij − 1
p + 1
F
(p+2)
a0···apj,i(Rˆ
ij − φ,ij)
]
− 1
3!(p + 1)!
F
(p+4)
ia0···apjk,a
H ijk,a
)
The redundant fields F (6), · · · , F (9) in above action are related to the magnetic dual of the
RR field strengths F (1), · · · , F (4) as F (10−n) = ∗F (n) for n = 1, 2, 3, 4. For the self-dual
D3-brane in the Einstein frame, we will show that up to the overall factor of e
−φ, the above
couplings can be written in SL(2, R) invariant forms.
The quadratic B-field couplings have been added to the CS action (1) by requiring the
consistency of this action with the linear T-duality [10, 11]. These couplings in the string
frame are
S
CS
⊃ −π
2α′2Tp
2!2!24(p− 3)!
∫
dp+1xǫa0···apC(p−3)a4···ap−4
[
1
2
Ha0a1a,iHa2a3
a,i − 1
2
Ha0a1i,aHa2a3
i,a
]
+ · · ·(6)
They have been confirmed by the S-matrix element of one RR and two NSNS vertex op-
erators [10, 12]. The S-matrix element produces some other couplings which are refereed
by the dots [12]. They would make the couplings to be written in terms of the RR field
strength as well. For the D3-brane case, the S-duality indicates that there should be similar
couplings for CC(2)C(2) and φBC(2). Including these couplings in the Einstein frame, one
can write them in SL(2, R) invariant form up to the overall factor of e−φ.
The S-duality of the above couplings is like the S-duality of the R4 corrections to the
supergravity action [14, 15, 16, 17]. In the Einstein frame these couplings have an overall
factor of e−3φ/2. It has been conjectured in [18] that this factor is in fact the leading order
term of the non-holomorphic Eisenstein series Es with s = 3/2 at weak coupling. This
conjecture has been confirmed with one loop [18] and two loops [19]. We speculate that
the above O(α′2) corrections to D3-brane action can be written in SL(2, Z) invariant form
by extending the weak coupling factor e−φ to the regularized non-holomorphic Eisenstein
series Es with s = 1. This function appears also in the R
2 terms of the D3-brane action
[6, 20].
An outline of the paper is as follows: We begin the section 2 by examining the disk-
level S-matrix element of two RR vertex operators from which we find the quadratic RR
couplings on the world volume of Dp-branes at order O(α
′2). In section 3, we show that for
the self-dual D3-brane case and for the RR two-form, the couplings are exactly the same
as the B-field couplings (4). We then write the result in SL(2, Z) invariant form using the
SL(2, R) matrixM which appears in the Type IIB supergravity action, and the regularized
non-holomorphic Eisenstein series Es with s = 1. In this section we write also the couplings
of the RR four-form and the RR scalar in S-dual form using E1(τ, τ¯). In section 4, we write
the CS couplings in SL(2, Z) invariant form. We end this paper by summarizing the new
disk level couplings that are predicted by requring the consistency of the DBI action (2)
and the CS action (1) with the S-duality.
3
2 RR couplings from S-matrix
The scattering amplitude of two RR states from Dp-brane is given by [7]
A(ε1, p1; ε2, p2) = − α
′2Tp
16× 32K(1, 2)
Γ(−α′t/4)Γ(α′q2)
Γ(1− α′t/4 + α′q2)
=
Tp
16× 32K(1, 2)
(
4
q2t
+ ζ(2)α′2 +O(α′4)
)
(7)
where q2 = pa1p
b
1ηab is the momentum flowing along the world-volume of D-brane, and
t = −(p1+p2)2 is the momentum transfer in the transverse direction. The kinematic factor
is
K(1, 2) =
(
2q2a1 +
t
2
a2
)
(8)
where
a1(n,m, p) = −1
2
Tr(P−Γ1(n)MpγµC
−1MTp Γ
T
2(m)Cγ
µ) (9)
a2(n,m, p) =
1
2
Tr(P−Γ1(n)Mpγµ)Tr(P−Γ2(m)Mpγ
µ)
where
Γα(n) =
1
n!
(Fα)ν1···νnγ
ν1 · · · γνn
Mp =
±1
(p+ 1)!
ǫa0···apγ
a0 · · · γap (10)
where Fα for α = 1, 2 is the linearized RR field strength n-form and ǫ is the volume p+ 1-
form of the Dp-brane. In equation (8), P− =
1
2
(1 − γ11) is the chiral projection operator.
The γ11 gives the magnetic couplings and 1 gives the electric couplings. The first term in
(7) produces the massless poles resulting from the (α′)0 order of the DBI and CS couplings
on the D-brane, and the supergravity couplings in the bulk. The second term in (7) should
produce (α′)2 couplings of two RR fields on the world volume of Dp-brane in which we are
interested.
Using various identities, a1 can be simplified for electric components of the RR field
strength to [7]
a1(n,m, p) =
8
n!
δmn
[
Tr(D)F1(n) ·F2(n) − 2nDλκF1λν2···νnF κν2···νn2
]
(11)
where the matrix Dµν is diagonal with +1 in the world volume directions and -1 in the
transverse directions. The degree of the RR field strength n in a1 is independent of the
4
dimension of the Dp-brane. For the magnetic components, one finds the same result but
for different n, i.e., n′ = 10 − n. Using the fact that the redundant field strength F (10−n)
for n = 1, 2, 3, 4 are the magnetic dual of F (n), i.e., F (10−n) = ∗F (n), one finds the following
result for the magnetic components of the RR vertex operator:
a1(n
′, m′, p) =
8
n′!
δm′n′
[
Tr(D)(∗F1(n))·(∗F2(n))− 2n′Dλκ(∗F (n))1λν2···νn′ (∗F (n))
κν2···νn′
2
]
The degree of the RR field strength in a2 depends on the dimension of the Dp-brane.
To see this consider the factor Tr(P−Γ1(n)Mpγµ) in a2. For the electric components it is
nonzero only for n = p and for n = p + 2, and for magnetic components it is nonzero for
(10− n) = p and for (10 − n) = p + 2. Performing the trace in each case one finds for the
electric components
Tr(P−Γ1(p)Mpγµ) =
16
p!
δa0µF
a1···ap
1 ǫa0···ap
Tr(P−Γ1(p+2)Mpγµ) =
16
(p+ 1)!
F
a0···ap
1 µǫa0···ap (12)
We have not pay attention to the signs on the right hand sides because we are interested in
a2 which is quadratic multiple of each term. One can easily verify that a2 is nonzero only
for the cases
a2(n = m = p) =
8× 16
n!
F
(n)
1 ·V ·F (n)2
a2(n = m = p+ 2) =
8× 16
(n− 1)!(F
(n)
1 )
a0···ap
i(F
(n)
2 )a0···ap
i
where the notation F
(n)
1 ·V ·F (n)2 means the indices are contracted with the world volume
metric ηab.
For the magnetic components, one finds
a2(n
′ = m′ = p) =
8× 16
n′!
(∗F (n)1 )·V ·(∗F (n)2 )
a2(n
′ = m′ = p+ 2) =
8× 16
(n′ − 1)!(∗F
(n)
1 )
a0···ap
i(∗F (n)2 )a0···ap i
where n′ = 10−n. Again the kinematic factor a2 for the magnetic components is the same
as for the electric components but for ∗F .
The kinematic factor for the electric RR fields is
K(1, 2) = −∑
n
(2a1p1 ·V ·p2 + a2p1 ·p2[δn,p + δn,p+2]) (13)
5
where the summation is over n = 1, 2, 3, 4, 5. The field theory corresponding to this kine-
matic factor for Dp-brane in the string frame is
S
DBI
⊃ −π
2α′2Tp
48× 32
∫
dp+1x eφ
√−G∑
n
16
n!
[
(p− 4)F (n),a ·F (n) ,a − nDµνF (n)µ,a ·F (n)ν ,a
+4F (n),µ ·V ·F (n) ,µδn,p + 4nF (n)i,µ ·V ·F (n) i,µδn,p+2
]
(14)
where we have also used the standard convention that the RR fields are rescaled as C →
eφC. This is the reason why there is the dilaton factor eφ in above action instead of
the expected factor of e−φ for the disk amplitude. Similar rescaling has been also used
in couplings (5). The magnetic couplings are the same as above with replacing F s with
∗F s. The above action gives all quadratic RR couplings at order O(α′2) for any Dp-brane.
However, we are interested in the world volume couplings of the self-dual D3-brane.
3 S-duality of DBI part
Let us start with the couplings of the two-forms. The couplings of NSNS two-form are
given in (4) which have been found in [9] by consistency of the curvature couplings with
T-duality. Compatibility of these couplings with S-duality requires similar couplings for
the RR two-form. Writing the spacetime indices in (14) in terms of the world volume and
the transverse indices, one finds that for D3-brane and for RR two-form the above action
simplifies to
S
DBI
⊃−π
2α′2T3
48
∫
d4x eφ
√−G
[
1
6
Fijk,aF
ijk,a +
1
3
Fabc,iF
abc,i − 1
2
Fbci,aF
bci,a
]
(15)
These couplings are similar to the B-field couplings in (4).
To study the transformation of the above couplings under S-duality, one should first
rescale the metric from string frame to the Einstein frame Gµν = e
φ/2gµν . The B-field
couplings (4) are multiplied by e−2φ and the dilaton drops out of the above RR couplings.
The D3-brane and the Einstein frame metric are invariant under SL(2, Z), and the B-field
and the RR two-form transform as doublet, i.e.,
B(2) =
(
B(2)
C(2)
)
(16)
Under a SL(2, Z) transformation by
Λ =
(
d c
b a
)
(17)
the B-field transforms linearly by the rule
B → ΛB (18)
6
The axion and the dilaton combine into a complex scalar field τ = C + ie−φ. This field
transforms as
τ → aτ + b
cτ + d
(19)
Now consider the matrix M
M = eφ
( |τ |2 −C
−C 1
)
(20)
which transforms under the SL(2, Z) as
M→ (Λ−1)TMΛ−1 (21)
This matrix appears in the SL(2, Z) form of the type IIB supergravity. Using this matrix,
one can rewrite the couplings (4) and (15) in the Einstein frame as:
S
DBI
⊃−π
2α′2T3
48
∫
d4x e−φ
√−g
[
1
6
FTijk,aMF ijk,a +
1
3
FTabc,iMFabc,i −
1
2
FTbci,aMF bci,a
]
(22)
where F = dB. Apart from the overall dilaton factor e−φ, it is invariant under the SL(2, Z)
transformation.
The above situation is like the R4 corrections to the supergravity action which apart
from the factor ζ(3)e−3φ/2, the couplings are invariant under the SL(2, Z) transformation.
In that case, the tree level, one loop and one-instanton results are the three leading order
terms of the non-holomorphic Eisenstein series Es with s = 3/2. So it has been conjectured
in [18] that the SL(2, Z) invariant coupling is E3/2R
4. In particular, this conjecture indicates
that there is no perturbative corrections to R4 other than one loop. It has been shown in
[19] that there is no two loop correction to this action.
For general s, this series is defined by
2ζ(2s)Es(τ, τ¯) =
∑
(m,n)6=(0,0)
τ s2
|m+ nτ |2s (23)
where τ = τ1+iτ2. It is invariant under the SL(2, Z) transformation. This function satisfies
the following differential equation:
4τ 22∂τ∂τ¯Es = s(s− 1)Es (24)
This equation has two solutions τ s2 and τ
1−s
2 corresponding to two particular orders of per-
turbation theory, and infinite number of non-perturbative solutions. For s = 1, however, the
series (23) diverges logarithmically. The regularized function has the following expansion
[6, 20]:
2ζ(2)E1(τ, τ¯) = ζ(2)τ2 − π
2
ln(τ2) + π
√
τ2
∑
m6=0,n 6=0
∣∣∣∣mn
∣∣∣∣1/2K1/2(2π|mn|τ2)e2piimnτ1 (25)
7
where the first term corresponds to n = 0 in the series (23). This term is exactly the
dilaton factor in (22). This may indicate that the factor e−φ in (22) should be replaced by
the SL(, Z) invariant function E1.
Another evidence for this replacement is the following. The B-field couplings (4) are
related to the gravity couplings (2) by T-duality [9]. On the other hand the SL(2, Z)
invariant form of the gravity couplings has this nonperturbative factor [6, 20]. In fact, the
regularized function (25) is proportional to log(τ2|η(τ)|4) [6] where η(τ) is the Dedekind η-
function. The log τ2 piece is nonanalytic and comes from the annulus [20] and the remaining
part appears in the Wilsonian effective action found in [6]. Hence, one expects the SL(2, Z)
invariant form of the B-field couplings (22) to be
S
DBI
⊃ −π
2α′2T3
24
∫
d4xE1(τ, τ¯)
√−g
[
1
6
FTijk,aMF ijk,a
+
1
3
FTabc,iMFabc,i −
1
2
FTbci,aMF bci,a
]
(26)
The second term in the expansion of E1 is the annulus contribution to the 1PI effective
action. All other terms are D-instanton contributions.
The next case that we consider is the couplings of two F (5) on the world volume of
D3-brane. The RR potential C
(4) is invariant under the SL(2, Z) transformation. One
can easily confirm that the couplings (14) for C(4) in the Einstein frame have the dilaton
factor e−φ. Replacing this factor with the SL(2, Z) invariant function E1(τ, τ¯), one finds
the following S-dual couplings:
S
DBI
⊃ −π
2α′2T3
48× 5!
∫
d4xE1(τ, τ¯)
√−g
[
− F (5),a ·F (5) ,a − 5DµνF (5)µ,a ·F (5)ν ,a
+20F (5)i,µ ·V ·F (5) i,µ
]
(27)
where we have also included the ∗F (5) terms. Similar couplings as those in the first line
above, without the factor E1, can be written for the F
(5) couplings on the world volume of
D7-brane. Since it is S-duality invariant, the F
(5) couplings in (14) are the couplings for all
(p, q) 7-branes.
The disk level S-matrix element of two NSNS vertex operators shows that there is no
couplings for one dilaton and one graviton at order O(α′2) for D3-brane [9]. The kinematic
factor for D3-brane is
K(φ, ε) = Tr(ε)
(
4q4√
8
)
(28)
where ε is the polarization of the symmetric tensor. Using the traceless of the graviton
polarization, one finds the above kinematic factor is zero for graviton6. This is consistent
6This term which is zero for one graviton and one dilaton, did not considered in [9]. This term has
non-zero contribution for the kinematic factor of two diatons.
8
with S-duality because RR couplings (5) have no coupling between one graviton and one
axion. It is also consistent with the couplings (3). Using various on-shell relations, one can
show that in the Einstein frame these couplings become
S
DBI
⊃ π
2α′2Tp
48
∫
dp+1x e−φ
√−g
[
RabcdR
abcd − 2RˆabRˆab −RabijRabij + 2RˆijRˆij
−(p− 3)[Rˆabφ,ab − Rˆijφ,ij]− (p− 3)
2
8
[φ,abφ
,ab − φ,ijφ,ij] + φ,abφ,ab
]
(29)
which gives zero coupling for the linear dilaton for the case p = 3. Replacing the polarization
tensor ε in (28) with the dilaton polarization, one finds the last term in the above equation.
Under the S-duality both the dilaton and the RR scalar appears in the complex field
τ , so one expects that there should be similar coupling for the RR scalar at order O(α′2)
for D3-brane. The couplings (14) for the RR scalar for the D3-brane in the Einstein frame
become
S
DBI
⊃ π
2α′2T3
48
∫
d4x eφ
√−gC,abC ,ab (30)
To study the S-duality of this coupling we add the dilaton coupling in (29) to the above
equation, i.e.,
S
DBI
⊃ π
2α′2T3
48
∫
d4x e−φ
√−g
[
φ,abφ
,ab + e2φC,abC
,ab
]
(31)
The terms in the bracket can be extended to the SL(2, Z) invariant form by including the
disk-level nonlinear terms, and the dilaton factor can be extended to the SL(2, Z) invariant
form by including the annulus and the D-instanton effects. The S-dual extension of the
coupling (31) is
S
DBI
⊃−π
2α′2T3
96
∫
d4xE1(τ, τ¯)
√−gTr(M,ab(M−1),ab) (32)
where the matrix M is the one appears in (20)
4 S-duality of CS part
The linear NSNS couplings in the CS action are given in (5). To study the S-duality of
these couplings for the self-dual D3-brane, we begin by witting the couplings in the first
line in the Einstein frame, i.e.,
S
CS
⊃ − π
2α′2T3
24× 2!2!
∫
d4x ǫa0···a3e−φ
[
Fia2a3,aHa0a1
a,i − Faa2a3,iHa0a1 i,a
]
(33)
9
To write it in a SL(2, Z) invariant form, we first introduce the SL(2, Z) matrix
N =
(
0 1
−1 0
)
(34)
This matrix has the property
N = (Λ−1)TNΛ−1 (35)
Using this matrix, one can rewrite the terms in the parenthesis in the S-dual form FTNF .
Then using the same idea as in previous section, one can extend it to the following SL(2, Z)
invariant form:
S
CS
⊃ − π
2α′2T3
12× 2!2!
∫
d4x ǫa0···a3E1(τ, τ¯ )FT a0a1a,iNFa2a3 i,a (36)
The second term in the expansion of E1(τ, τ¯) can be calculated with the annulus level
S-matrix element of one RR and one NSNS vertex operators.
The RR couplings in the second line of (5) for the D3-brane in the Einstein frame
are proportional to the dilaton factor e−φ. In particular, the term Rˆij − φ,ij becomes
proportional to Rˆij + ηijφ,aa/4 in the Einstein frame. The last term gives F (5)a0···a3i,i which
is zero on-shell, i.e., F
(5)
a0···a3i
,i = −F (5)a0···a3a,a where two world volume indices in F (5)a0···a3a
is identical, hence, it is zero. Using the fact that the Einstein frame metric and C(4) are
invariant under the S-duality, and replacing e−φ with E1(τ, τ¯), one finds the following S-dual
couplings:
S
CS
⊃ −π
2α′2T3
6
∫
d4x ǫa0···a3E1(τ, τ¯)
[
1
2!3!
F
(5)
ia1···a3j,aRaa0 ij −
1
4!
F
(5)
a0···a3j,iRˆij
]
Note that the above couplings are not invariant under the standard form of T-duality
transformations. This is because the standard T-duality rules are in string frame whereas
the above S-dual couplings are in the Einstein frame. To study the T-duality of the above
couplings one should first write the T-duality transformations in the Einstein frame and
then applied to the above action.
The coupling in the third line of (5) for D3-brane is
S
CS
⊃ π
2α′2T3
24
∫
d4x ǫa0···a3
(
1
3!4!
F
(7)
ia0···a3jk,a
H ijk,a
)
(37)
Using the fact that the redundant RR field strength F (7) is the magnetic dual of F (3), i.e.,
F (7) = ∗F (3), and the relation
(∗F (n))µn+1···µ10 =
1
n!
√−Gǫµ1···µ10(F (n))µ1···µn (38)
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one finds that in the Einstein frame again the coupling (37) has the dilaton factor e−φ.
Moreover, the coupling is antisymmetric under changing the RR two form with the B-field.
So the coupling (37) can be written in the Einstein frame as
S
CS
⊃ π
2α′2T3
24× 2
∫
d4x ǫa0···a3e−φ
(
1
3!4!
(∗F (3))ia0···a3jk,aH ijk,a −
1
3!4!
(∗H)ia0···a3jk,a(F (3))ijk,a
)
Defining the magnetic dual of F (3) = dB(2) as
F (7) = ∗F (3) =
( ∗H(3)
∗F (3)
)
, (39)
one finds the following S-dual coupling:
S
CS
⊃ − π
2α′2T3
24× 3!4!
∫
d4x ǫa0···a3E1(τ, τ¯)(F (7))Ta0···a3ijk,aNF ijk,a (40)
Similar coupling as above, without the factor E1, can be written for the couplings in the first
line of (5) for D7-brane. Therefore, the couplings in the first line of (5) are the couplings
for all (p, q) 7-branes.
Finally we consider the Chern-Simons couplings. Compatibility of the CS action (1)
with T-duality requires the couplings (6). We now try to write these B-field couplings in
S-dual invariant form. The couplings (6) for the self-dual D3-brane in the Einstein frame
are
S
CS
⊃ −π
2α′2T3
2!2!48
∫
d4xǫa0···a3e−φδC
[
Ha0a1a,iHa2a3
a,i −Ha0a1i,aHa2a3 i,a
]
+ · · · (41)
The above couplings have been also confirmed with scattering calculation [10, 12]. In above
equation we have replaced the RR scalar by δC to specify that it is quantum fluctuation.
In fact we expect from the couplings (26) that the above action to be zero if the RR scalar
is a constant background. The compatibility of these couplings with the S-duality indicates
that each δCHH coupling to be extended to the following SL(2, R) invariant form:
δCHa0a1a,iHa2a3
a,i → FTa0a1a,iδMN−1MFa2a3a,i (42)
The overall dilaton factor should also be extended to the Eisenstein series E1 by including
the one-loop couplings and the D-instanton effects.
For D7-brane, the couplings in the Einstein frame are
S
CS
⊃ −π
2α′2T7
2!2!4!48
∫
d8xǫa0···a7e−φC(4)a4···a7
[
Ha0a1a,iHa2a3
a,i −Ha0a1i,aHa2a3 i,a
]
+ · · · (43)
The RR four-form is invariant under the S-duality. The couplings e−φHH may be extended
to the following SL(2, R) invariant form:
e−φHa0a1a,iHa2a3
a,i → FTa0a1a,iMFa2a3a,i (44)
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Then the resulting SL(2, R) invariant action describes the appropriate couplings for all
(p, q) 7-branes. This ends our illustration of the consistency of the D-brane action at order
O(α′2) with S-duality.
The consistency of the DBI action (2) with the S-duality predicts the following couplings
in the Einstein frame at the disk level:
S
DBI
⊃ −π
2α′2T3
48
∫
d4x
√−gC2
[
1
6
Hijk,aH
ijk,a +
1
3
Habc,iH
abc,i − 1
2
Hbci,aH
bci,a
]
(45)
S
DBI
⊃ π
2α′2T3
24
∫
d4x
√−gC
[
1
6
Hijk,aF
ijk,a +
1
3
Habc,iF
abc,i − 1
2
Hbci,aF
bci,a
]
and well as the new couplings in (32), (42) and (44) that result from writing the SL(2, R)
invariants in terms of their components. Moreover, since the modular function E1(τ, τ¯)
has annulus contribution, the S-duality also predicts the annulus level couplings for the
S-duality invariant couplings that we have found, e.g., (26). It would be interesting to
confirm these couplings by direct calculations.
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